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1. Introduction

Phase-field damage modeling (PFDM) is very

popular among researchers and engineers, because 

it offers applications to various fields of interest. 

Investigating damage in structures and predicting its 

evolution, which can lead to material stiffness 

degradation and structural failure, is the most 

interesting aspect. Various research groups at the 

top world universities have implemented the latest 

findings into the commercial and research finite 

element method (FEM) codes, and the PFDM will 

probably be recognized technique for structural 

safety monitoring. 

However, the practical application is in one of 

the top interests, but some disadvantages decrease 

the possibility of efficient and accurate FEM 

simulations. One of them is the need for a fine FE 

mesh in the zone where material damage is 

expected, which makes models with large numbers 

of degrees of freedom and huge computational time. 

In this scope, it is important to implement the PFDM 

for various types of finite elements such as 2D 

axisymmetric elements, which can decrease the size 

of the problem by modeling only a cross-section of 

the axisymmetric structure.  

In this paper, we have implemented a previously 

developed PFDM theory into the 2D axisymmetric 

element and compared the simulation results to the 

3D solid element for the well-known large strain 

circular bar example. 

2. Phase-field damage model for 2D

axisymmetric element

 Recently developed, the critical-total strain 

based PFDM implementation, presented in [1], was 

introduced as a user-friendly approach which can be 

easily applied for simulation of damage evolution in 

ductile materials. The details are given in several 

papers published at conferences [2,3] and journals 

[1,4,5,6], but here, the main equation will be 

repeated. The internal potential energy consists of 

elastic, plastic and fracture parts as: 

𝑊𝑖𝑛𝑡 = 𝑊𝑒 +𝑊𝑝 +𝑊𝑓 . (1) 

The elastic strain energy is: 

𝑊𝑒 = (1 − 𝑑)2
1

2
𝝈0: 𝜺𝑒, (2) 

where 𝝈0 is the Cauchy stress tensor, 𝜺𝑒 is the

elastic strain tensor, and 𝑑 is damage variable. The 

plastic part of the internal strain energy is: 

𝑊𝑝 = (1 − 𝑑)2(𝜎𝑦𝑣𝜀𝑝̅ + (𝜎𝑦0,∞ − 𝜎𝑦𝑣) (𝜀𝑝̅ +
1

𝑛
𝑒−𝑛𝜀̅𝑝) +

1

2
𝐻𝜀𝑝̅

2), (3) 

where 𝜎𝑦𝑣 is the yield stress, 𝜀𝑝̅ is the equivalent

plastic strain, 𝜎𝑦0,∞ is the saturation hardening

stress, 𝑛 is the hardening exponent and 𝐻 is the 

hardening modulus. The fracture strain energy 

density is: 

𝑊𝑓 = 𝐺𝑣[𝑑 +
𝑙𝑐
2

2
|𝛻𝑑|2], (4) 

where  𝐺𝑣 is the specific fracture energy per unit

volume and 𝑙𝑐 is the characteristic length. By

derivation of the equilibrium of external and 

internal potential energy, the final form of the 

equilibrium equation can be found as: 

𝐷𝑖𝑣𝝈 + 𝒃 = 0. (5) 

The plasticity yielding condition law is: 

𝜎̅𝑒𝑞 − 𝜎𝑦𝑣 − (𝜎𝑦0,∞ − 𝜎𝑦𝑣)(1 − 𝑒−𝑛𝜀̅𝑝) − 𝐻𝜀𝑝̅ =

0.  (6) 

Finally, the phase-field damage evolution law can 

be derived as: 

𝐺𝑣[𝑑 − 𝑙𝑐
2𝛻2𝑑] + 𝑔′(𝑑)max⁡(𝜓𝑒 + 𝜓𝑝 −

𝐺𝑣 2⁄ ) = 0, (7) 
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where 𝜓𝑒 and 𝜓𝑝 are the effective elastic and plastic

strain energy. 

The critical fracture energy 𝐺𝑣 can be calculated by

finding the effective critical strain energy as 𝐺𝑣/2,

what gives: 

𝐺𝑣 =
𝜎𝑦𝑣
2

𝐸
+2𝜎𝑦𝑣 (𝜀𝑐𝑟 −

𝜎𝑦𝑣

𝐸
) + 2(𝜎𝑦0,∞ −

𝜎𝑦𝑣) [(𝜀𝑐𝑟 −
𝜎𝑦𝑣

𝐸
) +

1

𝑛
(𝑒−𝑛𝜀𝑐𝑟 − 𝑒−𝑛

𝜎𝑦𝑣

𝐸 )] +

𝐻 (𝜀𝑐𝑟
2 −

𝜎𝑦𝑣
2

𝐸2 ). (8) 

where 𝜀𝑐𝑟 is the critical total equivalent strain, and

𝐸 is the elasticity modulus. 

3. Finite element models and material

parameters

The presented critical-total strain based PFDM is 

implemented into the software PAK-DAM v25 [7] 

for the 3D solid and 2D axisymmetric element. Both 

implementations can be tested for the well-known 

circular bar necking example [8]. For that purpose, 

a large strain von Mises plasticity constitutive 

model is used and logarithmic strain measure [9].  

Dimensions of the half of the bar which is 

modeled by 2D axisymmetric and 3D solid elements 

are given as follows: bottom radius is 6.35mm, 

while the upper side is 1% larger – 6.4135mm, 

length is 26.67mm. The imperfection is prescribed 

to trigger the necking at the position where the 

radius is smaller. The 2D axisymmetric model has 

96 elements with mid-side nodes which gives 345 

nodes in total.  

In Figure 1, the boundary and loading conditions 

for a 2D axisymmetric finite element model are 

given. A cross-section of the ¼ of the specimen is 

modeled, so the y-symmetry boundary conditions 

are prescribed at the bottom side, while the opposite 

side is loaded by prescribed displacements which 

are connected by equations in the y-direction to the 

node on the central axis.  In Figure 2, the same data 

are given for the 3D solid finite element model. One 

quarter of the half of the bar is modeled while 

symmetry boundary conditions are prescribed at 

appropriate surfaces. On the bottom side, also, the 

y-symmetry boundary conditions are necessary as

well as loading conditions defined by prescribed

displacements. The 3D model has 648 finite

elements with mid-side nodes, which gives in total

of 3388 nodes. As it can be noticed, the 3D model

is approximately 10 times larger, and refinement of

the mesh for a more detailed simulation is

practically impossible.

The simulation is performed by the Full Newton 

iterative method with line search. The solution is 

obtained in 40 steps with a displacement increment 

of 0.2 mm, up to the total displacement of 8 mm.  

Fig. 1. 2D axisymmetric finite element model with 

boundary and loading conditions.  

Fig. 2. 3D solid finite element model with boundary and 

loading conditions.  

4. Simulation results

The simulation is performed to show the

functionality of the critical-total strain based PFDM 

implementation into the both 2D axisymmetric and 

3D solid finite elements in PAK-DAM v25 software 

[7].  
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Table 1. Material parameters 

Parameter Value Parameter Value 

Young 

modulus 

210.4 

[GPa] 

Exponential 

hardening 

16.93 

[-] 

Poisson’s 

ratio 

0.3118 

[-] 

Linear 

hardening 

0.12924 

[-] 

Yield 

stress 

0.45 

[GPa] 

Critical eq. 

strain 

1.2 

[-] 

Saturation 

stress 

0.715 

[GPa] 

Characteristic 

length 

0.5 

[mm] 

 In Figure 3, the equivalent plastic strain field is 

given in 31. and 32. time step, as the critical strain 

is achieved at that moment. 

Fig. 3. Equivalent plastic strain field in 31 (left) and 32 

(right) time steps for a 2D axisymmetric FE model.  

In Figure 4, the damage field is given for the 

steps 32 and 33, as an important detail which 

verifies the control over the damage onset by critical 

equivalent strain. 

Fig. 4. Damage field in 32 (left) and 33 (right) time 

steps for a 2D axisymmetric FE model.  

In Figure 5, the damage field is given for the last 

time step for both the 3D solid and 2D axisymmetric 

models to compare the obtained results. 

In Figure 6, the equivalent plastic strain field is 

given for the last time step for both the 3D solid and 

2D axisymmetric models to compare the obtained 

results. 

Fig. 5. Damage field in the last (40) time step for 3D 

solid (left) and 2D axisymmetric (right) FE model.  

Fig. 6. Equivalent plastic strain field in the last (40) 

time step for 3D solid (left) and 2D axisymmetric (right) 

FE model. 

In Figure 7, the damage field evolution at the end 

of the simulation is given for the last six time steps 

for the 2D axisymmetric model. 

Fig. 7. Damage evolution in 2D axisymmetric FE model 

in the last six time steps (35-40 from left to right) of the 

simulation.  

In Figure 8, the constraint force vs. displacement 

diagram at the upper side of the model is given for 

both the 3D solid and 2D axisymmetric models to 

compare the responses. 
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Fig. 8. Force-displacement response for 2D 

axisymmetric and 3D solid FE model  

5. Discussion and conclusions

The simulation results presented in previous

sections offer many points of interest for discussion. 

Firstly, the material parameters given in Table 1, 

define the stress-strain response of the material, but 

one important parameter for the PFDM simulation 

is the critical equivalent strain which is set to 1.2. 

As, the equivalent plastic strain defines the yield 

stress function in eq. (6), when the critical value is 

reached in time step 32 (Figure 3.), in the next time 

step 33, the damage occurs (Figure 4.). It is one time 

step later because the solution procedure is defined 

in a partitioned manner, so the damage field is late 

for one time step with respect to the displacement 

field. In Figure 5, it can be seen that the damage 

field achieves a similar level for both 2D 

axisymmetric and 3D solid FE models, but small 

difference (less than 5%) can be noticed.  A similar 

situation is for the equivalent plastic strain field at 

the last time step, given in Figure 6, but the 

difference is less than 1%. Figure 7 shows the 

evolution of the damage field in the specimen across 

the cross-section in the necking zone. Although, 

relatively coarse mesh is used, the increase of 

damage zone can be observed. Finally, in Figure 8, 

the force-displacement response of the circular bar 

model is compared for the 3D solid and 2D 

axisymmetric FE models and the overlapping of the 

diagrams is obvious.  

At the end, by analyzing the obtained results, it 

can be confirmed that both implementations of 

PFDM are functional and that the proposed method 

can be used for real structures. In this case, large 

strain nonlinear analysis with the Von Mises 

plasticity model and exponential hardening function 

is used, which is one of the most advanced 

simulations in the field. Of course, the advantage of 

a 2D axisymmetric finite element is obvious for the 

computational time necessary to solve the problem, 

but for detailed analysis, the 3D solid element can 

be used successfully.  
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